Abstract-As an integral part of energy storage systems, Li-ion batteries require extensive management to guarantee their safe and efficient operation. Estimation of the remaining energy capability of the battery, usually expressed in terms of state of charge (SOC), plays an important role in any battery-powered application. Electrochemical model-based estimation techniques have proven very attractive for this purpose due to the additional information they provide regarding the internal battery operating conditions. A modified reduced-order model based on the single particle approximation of the electrochemical model, suitable for the real-time implementation of SOC estimation, is employed in this paper. This model, while maintaining some of the physical insights about the battery operation, provides a basis for an output-injection observer design to estimate the SOC. Output model uncertainties, originating primarily from the electrolytephase potential difference approximation and encountered mainly at higher discharge rates, are handled by incorporating an adaptation algorithm in the observer. Therefore, the proposed method, while being suitable for online implementation, provides an electrochemical model-based solution for battery SOC estimation over a wide range of operations. System stability and the robustness of the estimates given measurement noise are proved analytically using Lyapunov stability. Finally, accurate performance of the proposed SOC estimation technique is illustrated using simulation data obtained from a full-order electrochemical model of a lithium manganese oxide battery.
sources to existing power infrastructures. Furthermore, they can significantly improve the reliability and efficiency of the utility industry and reduce its operational and capital costs [1] .
A typical Li-ion battery has three main domains: negative electrode, positive electrode, and separator. The most commonly used material for the negative electrode is graphite, whereas the positive electrode is typically composed of a metal oxide such as lithium cobalt oxide (LiCoO 2 ), lithium iron phosphate (LiFePO 4 ), lithium manganese oxide [LiMn 2 O 4 (LMO)], or lithium nickel manganese cobalt oxide (LiNiMnCoO 2 /NMC), depending on the application. Furthermore, filler and binder materials are also added to both electrodes for structural integrity. The separator between the electrodes acts as an electron insulator. The electrodes and separator assembly are immersed inside an electrolyte, which is usually a lithium salt in an organic solvent. During discharge, in an intercalation process, lithium ions in the active material of the negative electrode diffuse to the surface where they transfer from the solid phase to electrolyte phase. They then travel via the mechanism of diffusion and migration to the positive electrode where they react with the active material and insert inside it. During this process, electrons released in the negative electrode travel through the external circuit to generate a flow of current. The processes occurring in the positive and negative electrodes are reversed during charging.
To ensure the safe and efficient performance of Li-ion batteries, they must be equipped with advanced management strategies. One of the most important functionalities of any battery management system (BMS) is to predict the operating scope of the battery, which is usually expressed in terms of state of charge (SOC). Furthermore, accurate information about battery SOC is crucial in other BMS functionalities such as state of health (SOH) estimation, cell balancing, and battery energy management, and can potentially result in improved utilization [2] . The main challenge in determining a battery's SOC is the fact that SOC is not directly measurable, necessitating an estimation routine. Model-based estimation algorithms are the most commonly used techniques in order to obtain battery SOC. In these methods, SOC is considered as a state of a battery model and an estimator, combined with current, voltage, and temperature measurements, is used to estimate SOC.
Equivalent circuit models, in which the battery internal characteristics are emulated through circuit elements, are widely used in the SOC estimation literature due to their low complexity and ease of online implementation. They, however, have low fidelity and limited prediction capability; therefore, higher accuracies can be attained only by considering time-variant model parameters, which, in turn, dramatically increase the estimator's complexity. The SOC estimation methods based on equivalent circuit models include different model variations along with various control and estimation methods. Some of these works include stochastic filters such as Extended [3] [4] [5] [6] [7] [8] and Unscented [9] Kalman filters and deterministic approaches such as sliding-mode [10] [11] [12] [13] , adaptive [14] [15] [16] , and linear parameter-varying [17] observers, and H ∞ filters [18] .
Electrochemical models, on the other hand, can facilitate a more accurate insight about the performance of a Li-ion battery cell, based on porous electrode and concentrated solution theories. The pseudo-2-D (P2D) electrochemical model proposed in [19] is among the first such models. This P2D model describes the performance of a Li-ion battery through the time evolution of its solid-phase Li-ion concentration and potential, electrolyte-phase concentration and potential, and reaction current density and overpotential, using a set of coupled partial differential equations (PDEs).
Although electrochemical P2D models can provide accurate predictions of the cell behavior over a wide range of operating conditions, they have high computational complexity and, therefore, are not suitable for online implementation. To overcome this issue, various model reduction techniques have been proposed [20] [21] [22] . The single particle (SP) model, originally proposed by Santhanagopalan et al. [20] , which assumes a uniform current density distribution across each electrode and, therefore, approximates each electrode with a single spherical intercalation particle, is the most common reduced-order model. Further model simplification is achieved by ignoring the electrolyte-phase potential and assuming a constant electrolyte-phase concentration [20] . Such assumptions are valid only for low C rates and the cells with small electrode thicknesses or high electrode conductivities [23] . Despite its simplicity, radial-domain PDEs in the SP model still need to be solved in order to obtain the solid-phase Li-ion concentration. Therefore, further approximations are required to simplify these equations. Subramanian et al. [24] proposed a polynomial approximation in which the polynomial coefficients correspond to average and surface lithium concentrations and fluxes and can be solved using a set of ordinary differential equations (ODEs). Other approximations include finite difference methods that transform the original problem into a set of ODEs whose dimension is dependent on the discretization length [25] , [26] and the eigenfunction expansion method [27] . Most of the reduced-order electrochemical models lack accuracy at high C rates as higher model fidelity can be achieved only by incorporating highdimension approximations that, in turn, will increase the model complexity.
In the past few years, a great deal of attention has been given to the use of electrochemical models, especially SP models, for SOC estimation. The estimation techniques that utilize these models include steady-state Kalman filter [28] , unscented Kalman filter [29] , extended Kalman filter [25] , particle filter [30] , and iterated extended Kalman filter [31] . Despite their promising implementation results, issues such as time-consuming estimator parameter tuning, high computational cost, and lack of analytical stability analysis limit the applicability of these methods. The SP model was used with a finite difference approximation of the solid-phase lithium concentration in [26] to design a sliding-mode observer for SOC estimation. The proposed observer is augmented with update laws to adapt some of the model parameters online and is shown to have acceptable state estimation both in simulations and practice. Wang et al. [32] used a secondorder polynomial approximation of the solid-phase lithium concentration to obtain an SP model composed of a single ODE along with the output voltage equation. They then used state transformations in order to transform the system dynamics into a form suitable for observer design and, using geometric approaches, proposed an observer to adaptively estimate the SOC as one of the output equation model parameters. Moura et al. [23] proposed an adaptive backstepping observer for SOC estimation based on the SP model with the original radial-domain PDE for solid-phase concentration. The stability analysis and the identification procedure for some of the model parameters were discussed in this work. Finally, a Luenberger observer based on an almost full-order P2D electrochemical model of a Li-ion cell composed of various active materials was proposed in [33] . A fourth-order polynomial approximation of the solid-phase lithium concentration is the only model simplification that was considered in this paper. The simulation and experimental results were presented that demonstrate good performance of the proposed observer. Despite promising results of the existing electrochemical model-based SOC estimation algorithms, there is still need for a single solution having analytical stability analysis, high accuracy, and low computational cost, especially in resource-constrained applications.
In this paper, an output-injection observer for SOC estimation based on the SP model and a fourth-order polynomial approximation of the solid-phase concentration is proposed. An empirical current-dependent approximation for the output equation uncertainty is augmented to the model in order to increase the model fidelity. Furthermore, an adaptation algorithm based on least squares is incorporated within the observer to estimate the coefficients of the output equation uncertainty approximation online. This adaptation algorithm enables accurate SOC estimation even at high C rates. In addition to simulation studies validating the performance of the proposed estimation method, the convergence of the state estimates to their true values and the boundedness of the estimation errors in the presence of voltage and current measurement noises are proved using Lyapunov stability. Therefore, the proposed electrochemical model-based observer can facilitate an accurate online SOC estimation methodology without imposing any constraints on the battery input current.
II. MODELING
Inside the active material of each electrode, the Li-ion concentration in spherical coordinates can be described by Fick's law
where c s, j is the solid-phase Li-ion concentration (mol/m 3 ), t is time (s), r is the radial coordinate (m), D s, j is the solid-phase diffusion coefficient (m 2 /s), and the subscript j = p/n denotes the positive/negative electrode. The PDE in (1) is subject to the following boundary conditions:
where R j is the particle radius (m) and J j is the Li-ion molar flux density on the active material surface [mol/(m 2 /s)]
where i t, j is the cell current density (A/m 2 ), ε s, j is the solidphase volume fraction, l j is the electrode length (m), and F is Faraday's number (C/mol). The sign in (3) is positive for the negative electrode and negative for the positive electrode. In this paper, the radial dependence of the solid-phase concentration in each electrode is approximated by a fourthorder polynomial [24] 
By substituting the polynomial approximation in (4) 
Furthermore, the normalized particle surface concentration is
The Li-ion molar flux density, J j , is an indication of the electrochemical reaction rate for the Li-ion intercalation/deintercalation at the solid/solution interface. It is related to the individual electrodes overpotential through the ButlerVolmer kinetics
where k j is the reaction rate constant (m 2.5 mol −0.5 s −1 ), c e is the electrolyte concentration (mol/m 3 ), which is assumed to be constant, R is the universal gas constant (J/mol.K), T is the ambient temperature (K), and η j is the reaction overpotential (V) defined as η j = s, j − e, j − U j , where s, j is the solid-phase potential, e, j is the electrolytephase potential, and U j is the open-circuit potential (OCP), which, in general, is a function of x s, j,surf and temperature. By solving (9) for the overpotential η j [27] 
where
. (11) Finally, the Li-ion battery terminal voltage is
Compared with the P2D model, other terms are required to be incorporated into this equation to account for the inaccuracies resulting from the model simplifications and battery degradation mechanisms. These terms, along with the electrolyte-phase potential difference, will be referred to as output model uncertainties. There are not explicit equations to completely describe the output model uncertainties; however, they are typically modeled as an ohmic voltage drop, R cell I t (t), where I t (t) is the terminal current (A). The resistance value R cell depends on various mass and charge transfer phenomena [19] . In [27] , it is approximated as an empirical function of the ambient temperature and the battery terminal current. Di. Domenico et al. [25] approximate R cell as a function of the electrode's ionic conductivities and thicknesses. In general, the ohmic voltage drop approximation of the output model uncertainties is shown to improve the model accuracy. In this paper, the output model uncertainties are approximated as a second-order polynomial of the input current. The secondorder polynomial approximation is based on the common assumption in the literature, which describes the resistance R cell to be a linear function of the terminal current [27] . Therefore, the ohmic voltage drop, which is the product of the resistance R cell and the terminal current, is expressed as a quadratic function of the current in this paper. As will be discussed later, updating the polynomial coefficients online can greatly improve model accuracy, which is needed for reliable SOC estimation. The total number of lithium ions in an SP Li-ion battery model is
where A cell is the electrode surface area (m 2 ). By substituting the solid-phase concentration approximation in (4) into (13) and replacing the corresponding coefficients from (5)
By taking the derivative of (14) with respect to time and replacing the corresponding ODEs in (6), it can be observed that the change in the total number of lithium ions is zero. This observation coincides with conservation of mass. Furthermore, by rearranging (14)
where the parameters ν and ω, respectively, are
Considering the relationship between the average electrode concentrations in (15) and defining the state vector as
the input as u(t) = I t (t), and the output as y(t) = V t (t),
the system dynamics can be expressed by the following set of state equations:
and the output equation (18) where 
For the simulation studies conducted in this paper, the P2D model is simulated by the finite-element method in COMSOL Multiphysics using the parameters of an LMO Li-ion battery [34] , [35] and the modified SP model, presented in (17)- (19) , is simulated in MATLAB. The parameters used for the SP model simulations are summarized in Table I . Furthermore, the coefficients of the polynomial approximation of the electrolyte-phase potential difference in (18) , denoted by η, are obtained offline. More specifically, the current and voltage values obtained from the P2D model simulations for 0.2C and 1C constant discharge tests are used to fit these parameters
Finally, the OCPs of the individual electrodes as functions of their corresponding normalized surface concentrations are shown in Fig. 1 [34] , [35] . minimum voltage for which LMO batteries can be safely operated. The mean average percentage error (MAPE) values between the two models for these tests are 3.920 × 10 −2 %, 0.2076%, 1.015%, and 1.829%, respectively. For current rates above 1C, the states' spatial dependencies become increasingly significant, and therefore, a fixed polynomial approximation of the electrolyte-phase potential difference increases model uncertainty.
III. SOC OBSERVER DESIGN
The change in the average lithium concentration of the negative electrode in the reduced-order model can be related to the change in the battery SOC as
3600Q nom (21) where Q nom is the nominal battery capacity (Ah). Equation (21) is based on the assumption that the overall cell capacity is limited by the negative electrode [36] . Therefore, the estimation of the reduced-order model states will be addressed in this section with the goal of estimating the battery SOC.
A. Observer Formulation
In this section, a Luenberger-like output-injection observer, similar to [33] , is proposed for the estimation of the SP model states. The modified SP model in (17)- (19) can be written in a more compact form as
and the nonlinear function f c is
In order to facilitate online implementation, the continuoustime state-space representation in (22) is transformed into the discrete-time domain using a zero-order hold
and t s is the sampling time (s). The discrete-time state-space representation of the SP model in (25) is used as a basis to design the following observer: (27) where the output error term is defined asỹ
As seen in (27) , the output error injection is added only to thê z 1 dynamics. The states z 2 and z 3 are weakly observable from the output voltage measurements due to their numerical conditioning; therefore, considering their intrinsic stable dynamics, they are estimated in open loop. Therefore, the error system dynamics arez
. In order to analyze the stability of the error system dynamics in (28), the following candidate Lyapunov function is proposed:
for positive constants γ 1 , γ 2 , and γ 3 . Therefore, the change in the Lyapunov function is
By substituting the error system dynamics, (31) can be written as
Using (25) and (27) , the output error term is
Therefore, (32) can be written as
The termf d [k] can be rewritten as
The first term on the right-hand side (RHS) of (35) can be thought of the slope of the function f d with resect to z 1 . Analytically, this slope is
By investigating (19) , it can be observed that
For any given input current, it can be seen from simulations that the function f d is a monotonically decreasing function with respect to x s, p,surf and a monotonically increasing function with respect to x s,n,surf . This conclusion is also reported in [23] and [33] . Therefore, the derivative term ∂ f d /∂z 1 has a positive value
The maximum bound on the derivative is due to the continuity of the f d function. Therefore, (34) can be expressed in the form of the following inequality:
Due to the fact that the coefficients a c 2 and a c 3 in (22) are positive
Therefore
Furthermore, the first term on the RHS of (39) is negative as long as
which, according to the Lyapunov stability theorem, is an indication of the asymptotic stability of the states' estimation errors.
B. Effect of Measurement Noise on the State Estimation
In practice, the current and voltage measurements needed for the SOC observer are contaminated with noise. In this section, the measurement noise effect on the stability properties of the proposed observer is investigated. The sensor outputs u s and y s are assumed to have the forms
, respectively, where n u and n y are the corresponding measurement noises with n u (t) ≤ c u and n y (t) ≤ c y where the upper bounds on the measurement noises are assumed to be known. Therefore, using the sensor outputs in (27) , the observer dynamics will beẑ
where the term h(n u [k] ) is a nonlinear function of the current measurement noise induced in (43) from the nonlinear dependency ofx s,n,surf ,x s, p,surf , and therefore,ŷ, on the input current. By defining the measurement noise vector as
43) can be written aŝ
.
Therefore, the error system dynamics arẽ
Using the assumption in (38) and rearranging, the change in the Lyapunov function candidate in (29) along the trajectories of the error system dynamics in (45) can be expressed as
which can be written as (47), shown at the bottom of this page. The inequality in (47), can be written as
where ψ 1 = λ min ( 1 ), ψ 2 = 2 , and ψ 3 = 3 . From the inequality in (48), it can be concluded that there always exists a lower bound for z such that if z ≥ ζ , then
Therefore, it can be inferred thatz[k] is ultimately bounded. This ultimate bound is calculated as follows. The Lyapunov function in (29) can be written as
From the RHS of the inequality in (50), it can be seen that
On the other hand, it was previously shown that for z > ζ,
Therefore, the maximum value of the Lyapunov function is λ max ( )ζ 2 and the inequality in (50) is
From the inequality in (51), it can be observed that a decrease in the value of ζ will decrease the ultimate bound on the estimation errors. By investigating (47) and (49), it can be concluded that the value of the ultimate bound can be decreased by decreasing the maximum noise magnitude and also decreasing the observer gain.
C. Implementation Results
In order to validate the performance of the proposed observer in (27) , the observer is implemented on the simulation data obtained from the P2D electrochemical model and shown in Fig. 2 . In each simulation, the initial SOC is assumed to be 60% of the actual initial value in order to demonstrate the observer's insensitivity to initial conditions. Furthermore, the observer is implemented only during the loaded operation of the battery. During rest, the battery SOC can be easily obtained using the open-circuit voltage measurements, whereas it is challenging to do so while the battery is being charged/discharged as the open-circuit voltage measurement is not practically possible. Finally, as mentioned earlier, the tests are stopped as soon as the battery terminal voltage reaches about 3.05 V.
For the LMO battery chemistry considered in this paper, the maximum and minimum values of the derivative in (38) and the maximum bound on the observer gain, according to (42), for different constant-current discharge tests are summarized in Table II . The observer gain is chosen as κ = 1000 so that the observer can provide a fast convergence while maintaining a stability margin from the maximum bounds shown in Table II. Figs. 3 and 4 show the estimated versus the actual voltage and SOC, respectively, for four constant discharge tests, 0.2C, 1C, 3C, and 5C. As seen in Fig. 4 , the observer is capable of estimating the actual SOC with MAPE values of 0.3211%, 1.655%, 5.005%, and 9.862% for simulations with 0.2C, 1C, 3C, and 5C discharge rates, respectively. The errors for these tests are due to the discrepancy between the voltage measurements obtained from the full-order electrochemical model simulations and the reduced-order model used in the observer structure. The observer achieves SOC estimation errors of less than 0.02 for low C rates, i.e., 0.2C and 1C, in 0.6356 and 0.6806 min, respectively; however, its performance clearly deteriorates for increased discharge rates (see Fig. 4 ). Therefore, the proposed model-based observer is not capable of handling the increased output model uncertainties at higher discharge rates by simple output injection. To overcome this drawback, the observer is augmented with an adaptation algorithm in the next section in order to identify the output model uncertainties online and to facilitate a more accurate voltage model for SOC estimation.
In order to investigate the effect of current and voltage measurement noises in simulation, it is assumed that the current measurements, used in the observer structure, have a bias of C/16 and are contaminated with a white noise with a variance of C/120. The voltage measurements are also assumed to be contaminated with a white noise with 10-mV variance. These noise magnitudes are typical for Li-ion batteries as previously reported in [33] . Fig. 5(a) shows the observer performance in estimating SOC with κ = 1000 for a 1C constant discharge test while exposed to the aforementioned measurement noises, which results in an MAPE of 1.902%. Fig. 5(b) and (c) shows the observer performance when the observer gain is multiplied by 1/5 and 5, respectively. The MAPE values for Fig. 4(b) and (c), respectively, are 1.566% and 2.880%. Furthermore, the observer estimates reach their true values in Fig. 4(a)-(c) in 0.5083, 3 .412, and 0.1000 min, respectively. Therefore, increasing the observer gain has a positive effect on convergence speed. In order to have a consistent comparison, the MAPE values for Fig. 5(a)-(c) are calculated after the SOC estimates reach the steady state. The increase in the MAPE values by increasing the observer gain is consistent with the analysis presented in the previous section. Based on the results presented in Fig. 5 , a tradeoff should be made between the convergence speed and noise sensitivity when selecting the observer gain.
The effect of increasing noise magnitudes on the SOC estimation MAPE values of a 1C constant discharge test is shown in Fig. 6. In Fig. 6 , the three noise levels introduced earlier, namely, current measurement noise with a variance of C/120, current bias of C/16, and voltage measurement noise with a variance of 10 mV, are taken as the baseline and MAPE values corresponding to increase in each of these noise levels are shown. As seen in Fig. 6 , the estimation bounds increase by increasing the noise levels, which coincides with the analytical results obtained in the previous section.
IV. IMPROVED SOC OBSERVER BASED ON ELECTROLYTE-PHASE POTENTIAL DIFFERENCE ESTIMATION

A. Formulation and Stability Analysis
As mentioned previously, despite the asymptotic convergence proof of the observer estimates to their true values, the observer performance deteriorates at high C rates (i.e., above 1C). At such current values, neglecting concentration and potential gradients over the spatial domain is no longer valid, and therefore, a constant-coefficient polynomial approximation of the electrolyte-phase potential difference is not sufficient, resulting in large model uncertainties when using the reduced-order model. In order to overcome this issue, a recursive least squares (RLS) algorithm with exponential forgetting is employed to identify the polynomial coefficients of the electrolyte-phase potential difference in (22) in order to improve the SOC estimation accuracy. The following observer output equation is proposed:
whereη is an estimate of the coefficient vector η in (25) . Therefore, the output estimation error is
. In order to identify the vectorη online, the following RLS algorithm is used:
where α is the forgetting factor and P is the covariance matrix. In order to investigate the stability of the overall system, the following quadratic Lyapunov function candidate is considered:
where is defined in (30) . The change in the Lyapunov function candidate is
Using the RLS formulation in (54), it can be concluded that
where matrix P −1 [k − 1] can be calculated by applying the matrix inversion lemma to the covariance matrix definition in (54)
Using (57) and (58), and algebraically manipulating the last two terms in (56), the change in the Lyapunov function candidate is
Furthermore, by substituting forỹ[k] from (53) and grouping the like terms together, the change in the Lyapunov function candidate can be written as
By defining
for any positive q, (60) can be written as
Furthermore, based on the assumption in (38), (62) can be expressed by the following inequality:
The inequality in (63) can be written in a more compact form (64), as shown at the bottom of this page. In order for matrix A to be negative definite, its first leading minor principle should be negative; furthermore, its determinant should be positive. The determinant of A is
The first leading principle minor of A, which is A 11 , is negative definite if
The other two diagonal entries of A 11 are negative according to (40) . Therefore, since the determinant of A 11 is negative, in order for A to be negative definite, the second determinant on the RHS of (65)
should be negative. Considering the properties of matrix determinants and the dimension of the matrix
By performing a few algebraic manipulations, the inequality in (68) can be written as
Satisfying the condition in (69) will automatically satisfy the positive constraint on q. Furthermore, by substituting for q from (61), the inequalities in (66) and (69) will be expressed as the following quadratic inequalities in terms of the observer gain κ:
In order to find the range of the acceptable observer gain κ from the above inequalities, the polynomials on the left-hand side of (70) and (71) must have real roots. It can be shown that the polynomial in (70) always has real roots; however, for the polynomial in (71), the following condition must hold:
Therefore, the inequalities in (70)- (72) should be taken into account when tuning the observer. The first step in this process is to select the forgetting factor α. Decreasing the forgetting factor will result in smoother observer estimates, along with a reduced steady-state estimation error. Second, the observer gain should be chosen as a fraction of the maximum root of the polynomial on the left-hand side of (70), scaled such that it lies in the range admissible by the inequality in (71), resulting in a dynamic gain for the observer. The scaling factor will, then, replace the gain as an observer tuning parameter. Smaller scaling factors result in larger observer gains, which, in turn, expedite the observer convergence; however, this is at the cost of larger steady-state estimation errors. By obtaining the observer gains following this procedure, matrix A will be negative definite. Therefore, the change in the Lyapunov function along the error system trajectories will be negative, which is a sufficient condition for the asymptotic convergence of the observer estimates to their true values.
B. Simulation Results
As shown in Section III-C, the output-injection observer in (27) failed to asymptotically estimate the actual SOC values during 3C and 5C constant discharge simulations due to large model uncertainties and, therefore, resulted in estimation MAPEs of 5.005% and 9.861%, respectively. In order to illustrate the effectiveness of the augmented observer, it is implemented on the same 3C and 5C data sets. Note that a discharge rate of 4C is typically considered as a high rate in batteries used as energy sources [36] . Figs. 7 and 8 show the estimated versus actual voltage and SOC for both of these tests. The initial SOC estimates in both of these tests are 60% of the actual initial values. As seen from Figs. 7 and 8, [26] in which an error of about 9.000% is reported for SOC estimation of 5C discharge test based on P2D model data. Fig. 9 shows the time evolution of the output model uncertainty approximation coefficients identified online for 3C and 5C constant-current discharge tests as well as their offline values. As described earlier, the offline coefficients in (20) were obtained by fitting the modified SP model to voltage and current values from the P2D model simulations for 0.2C and 1C constant-discharge tests. Furthermore, as shown in Fig. 2 , the constant-coefficient approximation is not sufficient for an accurate description of the battery voltage, especially at high C rates. Therefore, the proposed adaptation algorithm adjusts the model coefficients online to account for uncertainties in the voltage model, as seen in Fig. 9 . It can be seen in Fig. 9 that the evolution of the coefficient estimates is dictated by the error between the SP and P2D models, as shown in Fig. 2 . Therefore, by providing an accurate voltage model, the online identification scheme can greatly improve the estimation capability of the output-injection observer and facilitate state estimation at discharge rates as high as 5C.
Finally, the proposed observer is implemented on data corresponding to two real-world driving profiles, i.e., Urban Dynamometer Driving Schedule (UDDS) and Highway Fuel Economy Test (HWFET). The data are obtained from a hardware-in-the-loop (HiL) hybrid electric vehicle (HEV) test bench [37] , which emulates an actual HEV. Fig. 10 shows a photograph of this test bench. The vehicle is assumed to run in pure-electric mode with the parameters reported in [37] . The battery emulator current profile is scaled to the battery cell in Table I and used as the input to the P2D model and the observer. The current profiles, along with their time derivative corresponding to UDDS and HWFET drive cycles, are shown in Fig. 11(a) and (b) , respectively. As seen in Fig. 11 , the current derivative exhibits fast jumps in the current profile that can potentially be limiting in electrochemical model-based SOC estimation techniques requiring a smooth current profile [32] .
The actual voltage and SOC obtained from the P2D model versus the observer estimates can be seen in Figs. 12 and 13 , respectively. Despite the fast changes in the current profiles, the observer implementation on the UDDS and HWFET data sets shows a good performance with MAPE values of 0.2751% and 0.2910%, respectively. Furthermore, Table III shows the sampling time, the time length of the current profile, the observer computational time, and the normalized computational time (i.e., computational time/time length) for the UDDS and HWFET current profiles. As can be seen in Table III , the observer is capable of calculating the state estimates within one-tenth of the sampling period. It should be noted that the proposed observer is implemented in MATLAB on a desktop computer without any code optimization. Careful TABLE III   OBSERVER COMPUTATIONAL TIME FOR UDDS  AND HWFET CURRENT PROFILES attention to optimizing the code structure and implementing the code on dedicated real-time processors, such as fieldprogrammable gate arrays, will dramatically decrease the observer computational time.
V. CONCLUSION
In this paper, a reduced-order electrochemical model-based SOC estimation algorithm is proposed. The algorithm is based on a Luenberger-like observer coupled with an RLS with exponential forgetting parameter identification routine to compensate for the reduced-order model uncertainties. The asymptotic convergence of the state estimates to their true values is proved analytically using Lyapunov stability. Furthermore, accurate SOC estimation with low MAPE values is achieved for a wide range of C rates. It is also observed that the state estimates reach their actual values in less than 1 min, despite incorrect initial state estimates for these tests. As the proposed observer does not involve any PDE solution or matrix inversion, does not require any constraints on the battery current profile, and is analytically supported by the Lyapunov theorem, it can provide an accurate and reliable electrochemical model-based solution for SOC estimation. As a future work, the observer will be applied in other BMS functionalities such as SOH estimation. The identified output model uncertainties can be used as an indication of the battery SEI layer resistance. Furthermore, the state estimates obtained from the observer can be employed to provide an estimate of the total number of lithium ions inside the battery and, therefore, battery capacity, during open-circuit battery operation. Finally, the proposed observer design is a generic solution for state estimation in dynamic systems with output model uncertainty. In a recent work by the authors, a similar topology was implemented for internal temperature estimation of polymer electrolyte membrane fuel cells, while simultaneously identifying the output voltage model uncertainties. The observer outputs were then used in a feedback controller to successfully regulate the output voltage. Therefore, the proposed methodology can prove useful for state estimation in this class of dynamic systems.
